
APPLIED FINITE 
ELEMENT ANALYSIS 
Second Ed ition 

LARRY J. SEGERlIND 
Agricultural Engineering Department 
Michigan State University 

JOHN WILEY AND SONS 
New York • Chichester • Brisbane . Toronto . ~Singapore 

l 
j 



) 

Contents 

PART ONE BASIC CONCEPTS 1 

Chapter 1 INTRODUCTION 3 

1.1 Solution of Boundary Value Problems 4 
1.2 Integral Formulations for Numerical Solutions I! 6 'I 

1.2.1 Variational Method 11 7 
1.2.2 Collocation Method 8 
1.2.3 Subdomain Method 8 
1.2.4 Galerldn's Method 9 
1.2.5 Least Squares Method 9 

1.3 Potential Energy Formulations 10 
1.4 The Finite Element Method 11 
1.5 Objective and Organization 13 

Problems 13 

Chapter 2 ONE-BIMENSIONAL LINEAR ELEMENT 17 

2.1 Division of the Region into Elements 17 
2.2 The Linear Element 18 
2.3 A Continuous Piecewise Smooth Equation 21 
2.4 A Comment on Notation 22 

Problems 22 

Chapter 3 A FINITE ELEMENT EXAMPLE 27 

3.1 Weighting Functions 27 
3.2 The Weighted Residual Integral 29 
3.3 Evaluation of the' Integral 30 
3.4 Analysis of a Simply Supported Beam 32 
3.5 Matrix Notation 34 

Problems 35 
, 

Chapter 4 ELEMENT MATRICES: GALERKIN FORMULATION 40 

4.1 Element Matrices 40 
4.2 Direct Stiffness Method 43 
4.3 Analysis of a Simply Supported Beam 44 
4.4 Properties of the Global Stiffness Matrix 47 
4.5 General Flow of the Computations 50 

Problems 50 

ix 
i , .. 



1 I" 
,\1 X CONTENTS 

'ii 
1' Chapter 5 TWO-DIMENSIONAL ELEMENTS 51 
11 

11 5.1 Two-Dimensional Grids 51 
,il 5.2 Linear Triangular Element 56 
1I 5.3 Bilinear Rectangular Element ~ 

I 
61 

'I, 5.4 A Continuous Piecewise Smooth Equation 64 
Problems 66 

Chapter 6 COORDINATE SYSTEMS 68 

6.1 Local Coordinate Systems 68 

6.2 Natural Coordinate Systems 70 

6.3 Rectangular Element 73 

1"1 
6.4 Triangular Element: Area Coordinates 73 

11 

6.5 Continuity 78 

11 Problems I 80 
I1I 

/I 
I11 

PART TWO FIELD PROBLEMS 85 

Chapter 7 TWO-DIMENSIONAL FIELD EQUATION 87 

7.1 Governing Differential Equations 87 
7.2 . Integral Equations for the Element Matrices 89 
7.3 Element Matrices: Triangular Element 91 
7.4 Element Matrices: Rectangular Element 94 

~ob~ms . 97 

Chapter 8 TbRSION OF NON CIRCULAR SECTIONS 100 

8.1 General Theory 100 
8.2 Twisting of a Square Bar 101 
8.3 Shear Stress Components 105 
8.4 Evaluation of the Twisting Torque 107 
8.5 Computer Solutions for the Square Bar 109 

Problems 111 

Chapter 9 DERIVATIVE BOUNDARY CONDITIONS: 
POINT SOURCES AND SINKS 115 

9.1 Derivative Boundary Conditions 115 
9.2 Evaluation of the Element Integrals 118 

Point Sources and Sinks 121 
9.3 Point Sources and Sinks d 124 

Chapter 10 IRROTATIONAL FLOW 126 

10.1 Flow of an Ideal Fluid 126 
10.1.1 Streamline Formulation 126 
10.1.2 Potential Formulation 127 

10.2 Groundwater Flow 129 
10.3 Computer Examples 130 



CONTENTS 

10.3..1 Flow Around a Cylinder 
10.3.2 Regional Aquifer 
Problems 

Chapter 11 HEAT TRANSFER BY CONDUCTION AND CONVECTI0N 
J 

11 .1 
11.2 
11.3 
11.4 

11.5 

The One-Dimensional Fin 
The Composite Wall 
The Two-Dimensional Fin 
Long Two.-Dimensional Bodies 
11.4.1 Convection Boundary Condition 
11.4.2 Heat Flux into the Body 
11.4.3 Concluding Remarks 
A Computer Example 
Problems 

Chapter 12 ACOUSTICAL VIBRATIONS 

12.1 One-Dimensional Vibrations 
12.2 Two-Dimensional Vibrations 

Problems 

Chapter 13 AXISYMMETRIC FIELD PROBLEMS 

13.1 
13.2 
13.3 
13.4 
13.5 

The Differential Equation 
Axisymmetric Elements 
Galerkin's Method 
Element Matrices 
The Derivative Boundary Condition 
Problems 

Chapter 14 TIME-DEPENDENT FIELD PROBLEMS: 
THEORETICAL CONSIDERATIONS 

14.1 Galerkin's Method 
14.2 The Consistent Formulation 
14.3 The Lumped Formulation 
14.4 Finite Difference Solution in Time 
14.5 Heat Flow in a Rod 

Problems 

Chapter 15 TIME-DEPENDENT FIELD PROBLEMS: 
PRACTICAL CONSIDERATIONS 

15.1 Physical Reality 
15.2 Numerical Oscillations 
15.3 Lumped or Consistent Formulation? 

15.3.1 Consistent Formulation 
15.3.2 Lumped Formulation 
15.3.3 Summary 

15.4 Two-Dimensional Elements 
15.4.1 The Rectangular Element 

I! 
fl 

/1 

xi 

130 
132 
134 

138 

138 
142 
144 
145 
145 
148 
148 
148 
151 

158 

158 
162 
164 

165 

165 
166 
168 
170 
173 
176 

177 

177 
178 
180 
183 
185 
188 

190 

190 
191 
194 
194 
195 
196 
196 
196 



III 

I 

l 1.1 

!!I 

1'1 I: ,,' r 
1,' 
I 

I'll 
" 
.' 

,1:1 

li!' 
!I'I 

:111 

" ill 
I1 

11' 

li 

xii 

Chapter 16 

15.4.2 The Triangular Element 
15.4.3 Summary 

15.5 Derivative Boundary Conditions 
Problems 

j 
eOMPUTER PROGRAM FOR TWO-DIMENSIONAII 
FIELD PROBLEMS 

16.1 The Equations 
16.2 Program Listing 
16.3 An Example Problem 

PART THREE STRUCTURAL AND SOLID MECHANICS 

Chapter 17 THE AXIAL FORCE MEMBER I! 
'I 

17.1 T~e One-Dimensional Model t! 
17.2 Principle of Minimum Potential Energy 
17.3 The Strain Energy Equation 
17.4 A System of Axial Force Members 
17.5 Matrix Notation 

Problems 

Chapter 18 ELEMENT MATRICES; POTENTIAL ENERGY 
FORMULATIONS 

18.1 The Axial Force Elem~nt 
18.2 A System of Axial Force Members 
18.3 A General Formulation 
18.4 Internal Forces 

Problems 

Chapter 19 THE TRUSS ELEMENT 

19.1 The Structural Model 
19.2 The Element Matrices 
19.3 Analysis of a Pinned Truss 

Problems 

Chapter 20 A BEAM ELEMENT 

20.1 The Structural Model 
20.2 The Strain Energy Equation 
20.3 The Displacement Equation 
20.4 The Element Stiffness Matrix 
20.5 Analysis of a Statically -Indeterminate Beam 

Problems 

Chapter 21 A PLANE FRAME ELEMENT 

21.1 The Structural Model 

CONTENTS 

197 
199 
199 
200 

202 

202 
203 
219 

225 

227 

227 
228 
229 
231 
235 
235 

238 

238 
240 
242 
244 
245 

246 

246 
247 
250 
255 

261 

261 
263 
263 
265 
267 
271 

277 

277 



r ~ ,i 

CONTENTS xiii 

21.2 The Element Stiffness Matrix 278 
21.3 The Internal Forces 280 

Problems 283 

Chapter 22 THEORY OF ELASTICITY j 
i 286 

22.1 Stress, Strain, and Hooke's Law 286 
22.2 The Strain Displacement Equations 288 
22.3 The Element Matrices 289 

22.3.1 The Strain Energy Equation 289 
22.3.2 The Work Terms 290 
22.3.3 The Element Matrices 291 

22.4 The Stress Components 292 

Chapter 23 TWO-DIMENSIONAL ELASTICITY , 293 
&: 

23.1 Plane Stress and Plane Strain 
If 

293 
23.1.1 Plane Stress 293 
23.1.2 Plane Strain 294 

23.2 The Displacement Equations 295 
23.3 The Element Matrices 297 
23.4 Element Stresses 304 
23.5 Discussion of a Computer Example 305 

Problems 309 

Chapter 24 AXISYMMETRIC ELASTICITY 314 

24.1 Definitions in Cylindrical Coordinates 314 
24.2 Axisymmetric Elasticity 316 
24.3 Element Matrices 317 
24.4 Surface Loads 320 

Problems 322 

Chapter 25 COMPUTER PROGRAMS FOR STRUCTURAL 
AND SOLID MECHANICS 326 

25.1 Program FRAM E 326 
25.2 An Example Problem for FRAM E 338 
25.3 Program STRESS 340 
25.4 An Example Problem for STRESS 351 

PART FOUR LINEAR AND QUADRATIC ELEMENTS 357 

Chapter 26 ELEMENT SHAPE FUNCTIONS 359 

26.1 Local Node Numbers 359 
26.2 Evaluating the Shape Functions 361 
26.3 The One-Dimensional Element 362 
26.4 Triangular Elements 363 
26.5 Quadrilateral Elements 365 



n 

xiv CONTENTS 

26.5.1 The Linear Quadrilateral Element 365 
26.5.2 The Lagrangian Element 366 
26.5.3 The Eight-Node Quadratic Element 367 

Problems 368 

Chapter 27 ELEMENT MATRICES 
I 

371 

27.1 Changing the Variables of Integration 371 
27.1.1 One-Dimensional Integrals 371 
27.1.2 Two- Dimensional Integrals 372 

27.2 Numerical Integration Techniques 375 
27.2.1 One- Dimensional Integrals 376 
27.2.2 Quadrilateral Regions 376 
27.2.3 Triangular Regions 377 

27.3 An Integration Example 378 
27.4 Evaluating [8] t 380 
27.5 Evaluating the Surface Integrals il 382 

Problems 383 

Chapter 28 ISOPARAMETRIC COMPUTER PROGRAMS 387 

28.1 Computer Evaluation of [k(e)] and {f(e)} 387 
28.2 Curved Boundaries 389 
28.3 Solving Time-Dependent Field Problems 390 
28.4 The Computer Program ISOFLD 391 
28.5 A Computer Example 405 

REFERENCES 411 

APPENDIX 1 MATRIX NOTATION 413 

APPENDIX 2 DIFFERENTIATION OF MATRIX EQUATIONS 414 

APPENDIX 3 MODIFYING THE SYSTEM OF EQUATIONS 417 

ANSWERS TO SELECTED PROBLEMS 421 

INDEX 425 



INDEX 

AcousticaJ. vibrations: 
one-dimensional, 158-161 
two-dimensional, 161-163 

Area coordinates, 73-78 
Axisymmetric elasticity, 314-322 
Axisymmetric field problems, 165-175 

Bandwidth, 47, 49, 56 
Beam: 

displacement equation, 263-264 
element, 261-262 
element matrices, 265-267 
example problem, 32-34,44-47,267-271 
internal forces, 267 
shape functions, 265 
strain energy, 263 

Body forces, 243, 290, 298, 318 
Boundary conditions: 

axisymmetric field problem, 173-175 
convection: 

one-dimensional, 139-140, 142 
two-dimensional, 145-147 

heat flux, 148 
stress, 243, 291, 298, 302-304, 319-322 
time-dependent field problems, 199-200 
two-dimensional field problems, 115-120 

Buckling, column, 164 

Collocation method, 4, 8 
Computer examples: 

aquifer, 132-134 
field problem, 219-223 
flow around cylinder, 130--132 
heat transfer, 148-151 
isoparametric,405-410 
plane ftame, 338-340 
plane stress elasticity, 305-309, 351-356 
torsion of square bar, 109-111 

Computer programs: 
main programs: 

FRAME, 326-334 
ISOFLD, 391-399 
STRESS, 340-346 

l 

TDFIELD, 203, 206-216 
subprograms: 

CONVERT, 327,337 
DCMPBD, 205, 217-218 
ELGRAD; 392, 400--402 
ELSTMF, 204, 214-216 f 
ELSTMX, 346-347, 350.,;392, 399-400 
INGPTS, 392, 402 ! 

INVERT, 327, 337-338 
MODFRM, 326, 334-335 
MODIFY, 205, 216-217, 347-349 
PDERV, 392, 402-403 
QDSHFN, 392, 404 
SLVBD, 205, 218, 327, 336-337, 350 

Continuity between elements, 78-80 
Contour line, 60, 63-64 
Coordinate systems: 

area coordinates, 73-78 
cylindrical, 314 
one-dimensional: 

local, 68-70 
natural, 70--73 

two-dimensional, natural, 73 

Differentiation of matrix equations, 414-416 
Displacement equation: 

axial force element, 230 
beam element, 263-264 
triangular elasticity, 295-296 

Distributed loads, 243, 291, 298, 302-304, 
319-322 

Elasticity: 
axisymmetric, 316-317 
body forces, 290, 298,318 
cylindrical, 314-316 
displacement equations, 295-296 
element matrices, 289-291,297-302, 

317-320 
strain components, 287, 294, 295, 314, 316 
strain energy, 289-290 
stress components, 286, 292, 304-305 
surface stresses, 290, 302-304, 320--322 

425 

l 



426 

Elasticity (Continued) 
, three-dimensional, 286-289 

two-dimensional: 
plane strain, 294-295 
plane stress, 293-294 

Element matrices: 
axial force, 238-239 
axisymmetric triangle: 

elasticity, 317-320 
field problem, 170-171, 174-175 

beam, 265-267 
boundary conditions, 118-120, 382-383 
numerical integration of, 375-383 
one-dimensional field, 40-43 
plane frame, 278-280 
rectangular element, 94-97 
three-dimensional elasticity, 289-291 
triangular: 

elasticity, 297-300 
field, 91-94 
truss, 249 

Elements: 
axial force, 230-231 
axisymmetric, 166-168 
beam, 261-262 
continuity between, 78-80 
one-dimensional: 

linear, 17-22 
quadratic, 362-363 

plane frame, 277 
quadrilateral: 

eight node, 367-368 
Lagrangian, 366-367 
linear, 365-366 

rectangular, '51-52, 61-63 
time-dependent field problems, 196-197 
triangular: 

elasticity, 296 
linear, 51-54, 56-58, 59-60 
quadratic, 363-365 

truss, 247-248 

Field problems: 
acoustic vibrations, 158-163 
axisymmetric, 165-175 
computer programs, 202-223 
derivative boundary conditions, ll5-120 
heat transfer, 138-151 
irrotational flow, 126-134 
point source or sink, 121-124 
time-dependent practical considerations, 

190-200 
time-dependent theoretical considerations, 

177-188 

INDEX 

torsion of non circular sections, 100-111 
Finite difference method, 4 
Finite element method, characteristics, 11 
Frame analysis: 

element, 277 
element matrices, 278-2801 
example problem, 281-283 
internal forces, 280 
strain energy, 278-280 

Galerkin's method, 4, 9 
axisyrnmetric, 168-170 
one-dimensional, 27-32, 40-43 
time-dependent, 177-178 
two-dimensional, 89-91 

Gauss-Legendre quadrature, 375-377 
Grids: f 

one-dimensional, 17-18'427-229 
two-dimensional, 51-56 4 

Groundwater, 121, 129-130 

Heat transfer: 
composite wall, 142-144 
computer example, 148-151 
convection boundary condition, 145-147 
fin: 

one-dimensional, 138-142 
two-dimensional, 144-145 

heat-flux boundary condition, 148 
two-dimensional, 145-148 

Helmholtz equation, 88-119, 158 
Herrnite interpolation functions, 265 
Hooke's law: 

axisymmetric, 316 
cylindrical coordinates, 315 
one-dimensional, 229 
plane strain, 295 
plane stress, 293-294 
three-dimensional, 287-288 

Integration: 
change of variables, 69-70, 371-373 
numerical: 

example, 3.78-380 
Gauss-Legendre, 375-377 
triangular regions, 377-378 

Interelement requirement, 30; 31, 32, 90, 116 
Internal forces: 

axial force member, 233, 244-245 
beam element, 267 
plane frame element, 280-281 
truss element, 250 

Irrotational flow: 
computer example, 130-134 

I 
i 
i 
'( 

J 
!j :, I, 

1 
j 

I 
j 

I1 

II 
IJ 
'I 
11 
'1 

11 

I 
I 
li 
11 

'j 
;j 
i1 
11' 
:1 
j 

dl 



INDEX 

groundwater, 129-130 
potential formulation, 127-128 
streamline formulation, 126-127 

Least squares method, 5 

Numerical oscillations, 191-193 

Potential energy, 10-11, 243 
principle of minimum, 228-229 

Potential flow, 127-129 

Shape functions: 
beam element, 265 
evaluation procedure, 361 
one-dimensional linear, 19,69-72 
one-dimensional quadratic, 362-363 
quadrilateral: 

eight-node, 367-368 
Lagrangian, 366-367 
linear, 365-366 

rectangular element, 62-63 
triangular: 

linear, 57, 59-60 
quadratic, 363-365 

using step functions, 180-183 
Sink, 121-124 
Source, 121-124 
Stiffness matrix, global, 47-48 
Stiffness method, 43-44 

example problem, 44-47 
Strain components, 287, 294, 295, 314, 

316 
Strain-displacements equations: 

axisymmetric, 316 
cylindrical, 315 
three-dimensional, 288 
two-dimensional, 296 

Strain energy: 
axial force member; 229-231, 239 
beam element, 263 
elasticity, 289-290 

plane frame element, 278-279 
truss element, 248-249 

Streamline flow, 126-127 
Stress components: 

plane strain, 295 
plane stress, 293, 304-305 ,/ 
three-dimensional, 286, 292 

Subdomain method, 5, 8 

427 

Surfaces stresses, 243, 291, 298, 302-304, 
319-322, 382-383 

Systems of equations, modifying, 417-420 

Time-dependent field problems: 
consistent formulation, 178-180, 194-195 
Galerkin formulation, 177-178 
heat flow in a rod, 185-188 
lumped formulation, 180-183; 195-196 
numerical oscillations, 191-193 

),.f\ 
physical reality, 190-191 p ,< 

solution in time, 183-185 
Torsion of noncircular sections, 100-111 
Truss: 

element, 248 
element matrices, 248-250 
example problem, 250-254 
internal forces, 250 
strain energy, 248 

Variational method, 4, 7~8 
Vibrations, acoustical, 158-,163 

Weighted residual formulation, 27 
axisymmetric, 168-170 
one-dmensional, 30-32, 40-43 
time-dependent, 177-178 
two-dimensional, 89-91 

Weighted residual methods: 
collocation method, 5, 8 
Galerkin:s method, 5, 9 
least squares method, 6, 9 
subdomain method, 5, 8 

Weighting functions, 27-29, 178, 179, 180 

i 
i 
! 

I I 

I 
,1 

I 
i 
i 
I 
1 
! 

j 
,j 
'1 

,11 
, ,I 
'I,l 

'I] 
I 

,; 

,I 
11 

il 
'I 
J 

J 
11 

, I 
,1 

I 

1 
, j 

j 

I __________________________________________________________________________________ ~,i 


